We study the properties of wave-packet states with vortex structure. In particular we present the characteristics of a two-mode radiation field characterized by a configuration-space wave function v ϭ(xϪiy) m e Ϫ(x 2 ϩy 2 )/2 2 . We show the generation of such states by the interaction of ⌳ systems with squeezed radiation in a two-mode cavity. The two modes are correlated due to entanglement, which also produces the mixed state of each mode even though the state of the two-mode field is a pure state.
I. INTRODUCTION
In recent years there has been phenomenal interest in the study of wave packets of a quantum system ͓1͔. The Gaussian wave packets occupy a central place in such studies. In the case of radiation field, the Gaussian wave packets are in fact minimum-uncertainty states and describe both the coherent states ͓2͔ and the squeezed states ͓3͔ of the radiation field. In this paper we study the wave-packet states that have a vortex structure, i.e., states described by
where m is an integer. Note that ͉ v ͉ 2 ϭ0 at xϭyϭ0. A vortex of order m exists at the origin since the circulation of the argument of v along a closed contour containing xϭy ϭ0 is 2m,
In Fig. 1 we illustrate the probability distribution associated with Eq. ͑1͒. Berry ͓4͔ introduced the concept of a defect or vortex on the optical wave field, i.e., he considered the optical field distribution E(x,y) with the structure ͑1͒. A large body of literature has been devoted to the study of optical vortices on classical wave fields ͓5͔. In contrast, we consider quantum systems characterized by the wave function given by Eq. ͑1͒. Our quantum system could be a two-dimensional harmonic oscillator or a two-mode radiation field. We study in detail various properties of, say, a field in the state ͑1͒. We show how the state ͑1͒ can be generated in cavity QED experiments. The paper is organized as follows. In Sec. II we introduce a state of a two-mode quantized field that has vortex-type singularity in the configuration-space-like representation. We consider the transformation of the vortex structure to a circular basis. In Sec. III we investigate various properties of the vortex state such as antibunching, squeezing, mode-mode correlations, and photon number distribution. A method of generation of the proposed vortex state is outlined in Sec. IV. In Sec. V we determine the single-mode reduced density matrix. Although we study all this in the context of a twomode field, the results are applicable to all systems that can be reduced to a system of two harmonic oscillators.
II. VORTEX STATES FOR THE QUANTIZED RADIATION FIELD
In this section we give an operator version of Eq. ͑1͒. This will also shed light on the relation of Eq. ͑1͒ to other wellknown states as well as on the methods that can generate such states. Note that the exponential part in Eq. ͑1͒ is related to the squeezed state ͉͘ for the two mode radiation field defined by the direct product of the squeezed a-mode 
to write the exponential in Eq. ͑3͒ as a product of the exponentials and make use of the fact that the operators a and b acting on their respective vacuum states give zero. It then follows that
͑5͒
with a similar expression for ͉ b ͘. Now, on taking the scalar product of Eq. ͑5͒ with ͉x͘ and using the relation
where H n (x) is the Hermite ploynomial, it follows that
͑7͒
The sum in Eq. ͑7͒ can be evaluated by using the integral representation
of the Hermite polynomial. It is found that
where ϭexp͑2 ͒. ͑10͒
The expression for ͗x,y͉͘ now follows by taking the scalar product of Eq. ͑3͒ with ͉x,y͘ and using Eq. ͑9͒ and the similar expression for b (y),
͑11͒
We next prove that the vortex state ͑1͒ can be expressed as
where A is the normalization constant. Let us first evaluate v (x,y). To that end, consider the expression
On expanding the exponential in Eq. ͑13͒ and using Eq. ͑6͒ we get
The sum in Eq. ͑14͒ can be evaluated by using the integral representation ͑8͒ of the Hermite polynomial. That leads to the expression
The expression for the state ͑12͒ in the x,y representation can now be found by noting that
͑16͒
On using Eq. ͑15͒ in Eq. ͑16͒ it can be shown that
Hence the normalized wave function v (x,y) for the vortex state is given by
The operator version of the vortex state is given by Eqs. ͑12͒, ͑3͒, and ͑18͒. The position of the vortex can be shifted by using ͑x,y ͒ϭͱ
In that case the vortex state can be defined by
where AЈ is a normalization constant.
Vortex state in the circular basis
It is instructive to express the vortex state in the circular basis defined by the operators c,d, where
It should be noted that by use of a polarizing beam splitter that splits a circularly polarized light into two orthogonal plane-polarized components, one can go from basis c,d to a,b. In the circular basis the expression ͑3͒ for ͉͘ reads and ͉ j,k͘ c,d is the Fock state of modes c and d with j photons in mode c and k photons in mode d. Hence the vortex state ͑12͒ in the circular basis is given by
where A is given by Eq. ͑18͒. Equation ͑25͒ shows that the vortex state is obtained from the two-mode squeezed vacuum ͑23͒ in the circular basis by the addition of m photons of type c ͓6,7͔. For ϭ0, i.e., in the case of no squeezing, it follows from Eq. ͑25͒ that
͑26͒
It is thus interesting that a 
The locus of points where the wave function vanishes is now a straight line (XϪY )/ͱ1Ϫ 2 ϭx 0 , where x 0 is a real zero of the Hermite polynomial H m (x). For m odd, x 0 ϭ0 is one of the zeros. It is interesting to observe that the phase of the state in the new basis is just ͓(/2) m͔. The intensity distribution ͉ v (X,Y )͉ 2 is plotted in Fig. 2 . A comparison of Figs. 1 and 2 shows the change in intensity distribution while going from one basis to the other.
Next we examine various properties of the vortex state of the quantized field.
III. PROPERTIES OF VORTEX STATES
In this section we list the expressions for the mean values of the field operators and those for various quasiprobabilities and investigate the nonclassical properties of the field.
A. Mean values
First we give the expression for the average of the product of arbitrary powers of x and y. By using Eq. ͑19͒ we get
͑28͒
By letting x→Ϫx and y→Ϫy in Eq. ͑28͒ it follows that 
͑29͒
͘ v ϭ0, if j or k is odd.
͑30͒
For j and k even, the integrals in Eq. ͑28͒ can be evaluated by the binomial expansion of (x 2 ϩy 2 ) m to get
͑31͒
Hence it follows that the averages in the vortex ͉ v ͘ and the nonsingular state ͉͘ ͑which corresponds to mϭ0͒ are related by
is the average in the squeezed state. In particular
It is clear from Eq. ͑34͒ that the variance of the x or y distribution increases with m and hence the vortex state has a wider dispersion than a nonsingular state in x-y space. There is squeezing in x if (mϩ1) 2 Ͻ1. Let us examine also the squeezing properties ͓8͔ of the operator p x conjugate to x. It is straightforward to see that ͗p x ͘ϭ0 and
Thus there is squeezing in p x if mϩ1Ͻ 2 . However, the uncertainty product given by
is independent of . The state for mϭ0 is the minimumuncertainty state. In the case of mϭ0, there is always squeezing either in x or in p x if 1.
B. Photon correlations and photon statistics
The mean value of a product involving arbitrary powers of x and y, determined in the preceding subsection, cannot provide information about an arbitrary field observable. That task is achieved by the mean value of the product of arbitrary powers of the field annihilation and creation operators. In the present case it is simple to determine the wave function in the coherent-state representation and hence the mean value of an antinormally ordered product. Thus, if 
Q(␣,␣*;␤,␤*)ϵͦ͗␣,␤͉
It can be shown that
͑38͒
where is given by Eq. ͑24͒. Thus the mean values can be obtained from the moments of the Gaussian distribution.
Here we list some of the important mean values that yield fluctuations and correlations:
͑42͒
We use the preceding results to investigate the photon statistics of the field. First we determine the intensity fluctuation in the a mode by evaluating the function g (2) defined as
The state is nonclassical if the photon number distribution is sub-Poissonian, i.e., if g (2) Ͻ0. By using Eqs. ͑39͒-͑42͒ and ͑24͒ the evaluation of Eq. ͑43͒ leads to
This shows that the individual modes may exhibit subPoissonian statistics for certain values of and m, as shown in Fig. 3͑a͒ . We further note that the two modes are anticorrelated in the vortex state, as can be seen by calculating the correlation coefficient
using Eqs. ͑37͒, ͑39͒ and ͑24͒. This anticorrelation aspect is apparent from Fig. 3͑b͒ .
C. Photon number distribution
The photon number distribution N(p,q) of the two modes may be found by evaluating For mϭ2 we get ͗p,q͉ v ͘ϭA͓ ͱp ͑ pϪ1 ͒͗pϪ2,q͉͘Ϫͱq͑ qϪ1 ͒͗p,qϪ2͉͘
Ϫ2iͱpq͗pϪ1,qϪ1͉͔͘, ͑48͒
which, for instance, will be zero for pϭ1, qϭ0.
IV. GENERATION OF THE VORTEX STATE
Here we outline a method of producing the vortex state. It can be produced by a variety of state-reduction techniques ͓9͔. For example, consider a three-level ⌳ system interacting with two circularly polarized fields on resonance ͑Fig. 5͒. That interaction is governed by the Hamiltonian
We let the system, prepared in the state ͉ 0 ͘, evolve under the influence of Eq. ͑49͒ and think of a conditional measurement, i.e., we determine the state of the field when the atom is detected in the state ͉3͘. For short times first-order perturbation theory shows that the state of the field is (a † Ϫib † )͉ 0 ͘. If we consider a succession of m atoms through a bimodal cavity and if we detect all the atoms in state ͉3͘, then the state of the field is reduced to (a † Ϫib † ) m ͉ 0 ͘, which is the desired vortex state.
We also note that the vortex state ͑1͒ is an eigenstate of the z component of the angular-momentum operator L Z ϵxp y Ϫy p x ϵϪiប͓x(‫ץ/ץ‬y)Ϫy(‫ץ/ץ‬x)͔, i.e.,
This then suggests another possibility of realizing states such as Eq. ͑1͒, say, by using coupling between harmonic oscillators ͓10͔. (2) as a function of for mϭ2 ͑solid curve͒, mϭ3 ͑dot curve͒, and mϭ4 ͑dash curve͒. ͑b͒ Anticorrelation coefficient C as a function of for mϭ2 ͑solid curve͒, mϭ3 ͑dot curve͒ and mϭ4 ͑dash curve͒. 
FIG. 3. ͑a͒ Intensity correlation function g
where
.
͑53͒
By changing the variables , to u,v, where
Eq. ͑53͒ for I leads to
͑55͒
It is now possible to derive the expression for ͗x 1 ͉ a ͉x 2 ͘ from Eq. ͑55͒,
The results of the numerical evaluation of Eq. ͑56͒ are plotted in Fig. 6 (x,x) as a function of x for ϭ& and mϭ2 ͑solid curve͒, mϭ3 ͑dot curve͒, and mϭ4 ͑dash curve͒.
͑57͒
The behavior of a (x,x) is exhibited in Fig. 7 . It shows that the maximum exhibited by a (x,x) at xϭ0 for mϭ0 splits into two for m 0, leading to a dip at xϭ0. The bimodal distribution arises from the entanglement of a and b modes ͓Eq. ͑12͔͒. We define spatial coherence function ␥(l) for the single mode by ␥͑l͒ϵ ͵ a ͑ x,xϩl ͒dx, ͑57Ј͒ which on using Eq. ͑55͒ can be reduced to ␥͑l͒ϭ e Ϫl 2 /4 2
To see the nature of the correlation between two points of x space ␥(l) has been displayed in Fig. 8 for various The expression for (k,k) can be obtained by taking Fourier transform of Eq. ͑59͒ and using Eq. ͑58͒. The final result is ͑k,k ͒ϭ4e
The behavior of (k,k) is shown in Fig. 9 . The vortex state leads to a bifurcation of momentum distribution.
B. Q function for the a mode
The Q function ͗␣͉ a ͉␣͘ of a for mode a may be ob- The evaluation of Eq. ͑61͒ can be done as follows. By using Eq. ͑38͒, Eq. ͑61͒ can be written as
